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At finite temperature, there is an apparent conflict between Abelian projection and critical universality. For 
example, should the deconfinement transition of an 5(7(2) gauge theory projected to U(l) lie in the Z(2) univer- 
sality class of the parent SU{2) theory or in the U{1) universality class? I prove that the projected theory lies in 
the universality class of the parent gauge theory. The mechanism is shown to be non-local terms in the projected 
effective action involving Polyakov loops. I connect this to the recent work by Dunne et al. on the deconfinement 
transition in the 2+1 dimensional Georgi-Glashow model. 



There is an apparent conflict between Abelian 
projection and critical universality. In its sim- 
plest form, critical universality states that the 
universality class of a phase transition depends 
only on the dimensionality of the system and the 
symmetry group of the order parameter. Univer- 
sality thus tells us that the nature of the decon- 
finement transition for a pure gauge theory with 
gauge group G depends only on the dimension- 
ality of space and the center of the gauge group 
C(G)@. 

For example, SU (2) gauge theories are in the 
Z(2) universality class of the Ising model, while 
5(7(3) gauge theories are in Potts model, or 
Z(3), universality class. In Abelian projection, 
the gauge group is reduced. This reduction can 
changes the center of the gauge group, and thus 
naively may change the universality class. A com- 
mon example would be the reduction of SU(2) to 
(7(1). The center of 5(7(2) is Z(2), but the cen- 
ter of (7(1) is U(l) itself. Thus the deconfinement 
transition of the projected theory appears to be 
in a different universality class from the original 
underlying gauge theory. However, this naive ex- 
pectation is wrong: lattice simulations show that 
the critical exponents for 5(7(2) projected to U (1) 
are identical to the critical exponents of the un- 
derlying SU (2) gauge theory 0]. The explanation 
for this behavior is given below. 

In lattice gauge theory, Abelian projection has 
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a natural algorithmic formulation. For analytical 
purposes, I will use the formalism developed in 
||, which uses gauge fields u^(x) E G, site-based 
gauge-fixing fields g(x) E G, andAbelian gauge 
fields h^(x) E H C G. Three different actions 
play a role: the gauge action 
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the gauge-fixing action, which for SU (2) is given 
by 
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and the projection action 
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As p, A — > oo, the usual lattice projection algo- 
rithm is formally obtained. The variables g and h 
are quenched: u's are generated by S g , then g's 
are generated by S g f. Finally, h's are generated 
from the gauge-fixed u's. Expectation values are 
given by 
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Relations between the Green functions of the 
projected theory and the Green functions of 
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the underlying non-Abelian gauge theory can be 
found using character expansions. The projection 
weight can be expanded as 



exp 
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where Xa is a group character, d a is the dimen- 
sionality of the representation, and c a (p) is a 
positive, p-dependent coefficient. I use x^(h) to 
denote the corresponding character of the pro- 
jection subgroup. Note that x Q (^) is i n gen- 
eral a reducible representation of H. For exam- 
ple, the j=l representation of SU(2) is the sum 
of three irreducible representations of U(l), given 
by m=+l,0,-l. To leading order in the charac- 
ter expansion for projection, and to order A for 
gauge-fixing, we have 
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for any closed Wilson loop, where nis the length 
of the loop. For a Polyakov loop up{lt), we have 

(Tr M^)> * ( C -^rr) nt (Tr u P {t)) (7) 
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Just above a second-order critical point, we have 

{Tru P {t))~{T-T c f (8) 

so we must have the same critical index (3 in the 
projected theory as in the original. Similar results 
hold for higher correlation functions and thus for 
all critical indices. We conclude that the critical 
behavior of the projected theory must be that of 
the original gauge theory. 

We can understand this result on the basis of 
center symmetry. A center symmetry transfor- 
mation on the original gauge theory acts on all 
the timelike links on a given time slice as 



u (of, t) — > z m (a?, t) 
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where zis an element of the center C(G) of G. 
S g [u] is invariant under this transformation but 



the Polyakov loop up (~a?) is not. The deconfine- 
ment transition is the spontaneous breakdown of 
center symmetry at high temperature. REF 

We can define an effective action S e ff [h] for 
the projected theory as 
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Now suppose that w is an element of C(H). 
Then consider the transformation /io("3f,t) — > 
who(1?,t) on a single time slice. It is easy to 
see that the replacement S e f f [h] ^ S e f / [wh] un- 
less S g [wu] — Sg [u] . Thus S e f f is only invariant 
under C(G), not C(H). 

The effective action can be constructed order 
by order in a strong-coupling expansion around 
P,X,p — 0. To leading order for SU(N) we have 
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This effective action is invariant under gauge 
transformations in H and invariant under the 
global symmetry h — > wh. Note that contribu- 
tions from Wilson loops of area A are suppressed 
by a factor of (3 , but such terms are also invari- 
ant under h — ► wh. 

Polyakov loops break the invariance of S e f / [h] 
under h — > wh. The lowest such contribution 
comes from integration over N t temporal plaque- 
ttes, aligned to form a belt of plaquettes around 
the lattice in the temporal direction. Integration 
over the u field leads to an interaction of the form 
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where hp{lt) is a Polyakov loop formed from the 
h fields: 

hp(^) = Y[h Q (lt,t). (13) 



This Polyakov loop term is not invariant under 
the change of variables hp — > whp unless w is in 
C(G). 
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Consider the case of ST/ (2) projected to U(l). 
If we write 
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the interaction between Polyakov loops has the 
form 



cosf 



(a?) cos#( a? + i). 



(15) 



The transformation hp —> whp induces a change 
8 —>■ 8 + a which is a symmetry of the action only 
when a = or a = it, i.e., when w G Z(2). A 
true U(l) gauge theory, in comparison, could only 
have effective interactions like 



2 cos 
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which is invariant for arbitrary a. We thus see 
how S e ff [h] includes Polyakov loop terms, non- 
local in Euclidean time, which force the global 
center symmetry to be C(G) rather C(H). 

The need to include specific, non-local terms 
associated with Polyakov loops to effective ac- 
tions is not limited to the case of Abelian pro- 
jection. Similar behavior has recently been 
demonstrated by Dunne et al. jlj in the finite- 
temperature Georgi-Glashow model in 2 + 1 di- 
mensions. Adjoint representation scalars break 
an SU(2) gauge symmetry to U(l). The low- 
energy behavior of the model is that of a U(l) 
theory, and thus the question of Z{2) versus U (1) 
center symmetry arises here as well. 

This model has a semiclassical regime where 
confinement can be demonstrated as a conse- 
quence of instanton effects. Agasian and Zarembo 
|5| have shown that at finite temperature, these 
instantons are seen by Polyakov loops as vor- 
tices, of the type that drive Kosterlitz-Thouless 
phase transitions in 2-dimensional systems. A de- 
tailed renormalization group analysis appeared to 
show that the deconfining phase transition in the 
d = 2 + 1 Georgi-Glashow model was in the U (1) 
universality class. 

However, Dunne et al. have demonstrated that 
Polyakov loop effects associated with heavy 
gauge bosons must be explicitly included in any 
discussion of critical behavior. The effect on the 
finite-temperature, d = 2 + 1 Georgi-Glashow 



model is precisely parallel to adding a symmetry- 
breaking term to a U(l) spin model, reducing the 
global symmetry from U(l) to Z(2). It is possi- 
ble to show explicitly that the critical behavior 
of the model lies in the Z(2) universality class of 
the two-dimensional Ising model after all. 

Abelian projection does not enlarge center 
symmetry. As a consequence, projection does not 
violate universality: the projected theory is in the 
same universality class as the original, underlying 
gauge theory. Any effective action for a projected 
theory must include non-local terms at non-zero 
temperatures to give the correct critical behav- 
ior at deconfinement. Comparison of projection 
at finite temperature with the Georgi-Glashow 
model at finite temperature shows the similarity 
of the issue in the two models, and the similar 
resolution. This suggests that we may have iden- 
tified all the terms of the projected effective ac- 
tion which can be relevant in the renormalization 
group sense. If true, this is an important step 
in understanding how Abelian projection repro- 
duces the behavior of the underlying gauge the- 
ory. 
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